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ABSTRACT 

Carbon dioxide removal (CDR) technologies are increasingly recognized as essential components of global climate mitigation strategies 

to reduce atmospheric greenhouse gas concentrations. The performance of many carbon dioxide removal systems is strongly influenced 

by fluid transport, mixing, and nonlinear flow interactions, making fluid mechanics a critical aspect of their design and operation. In this 

study, a reduced-order fluid-dynamic model for carbon dioxide removal is developed and analyzed using nonlinear dynamical systems 

techniques. The model consists of three coupled nonlinear ordinary differential equations representing dominant transport modes and an 

external forcing parameter associated with system operation. Numerical continuation is performed to investigate the equilibrium structure 

and identify critical operating conditions. The analysis reveals a supercritical Hopf bifurcation and a limit point, indicating oscillatory 

dynamics and multiple operating regimes. A limit cycle emerging from the Hopf bifurcation is also computed and characterized. To 

improve system performance, an optimal control problem is formulated in which the forcing parameter is treated as a time-dependent 

control variable. A stability-aware penalty based on a learned stability indicator is incorporated into the objective function to discourage 

operation near unstable regions. Numerical results demonstrate that the bifurcation-aware control strategy substantially changes the 

optimal solution and produces smoother control trajectories. The proposed framework provides new insights into the interactions among 

fluid dynamics, stability, and operational efficiency in carbon dioxide removal systems. 

Keywords: Carbon dioxide removal, Environmental fluid mechanics, Reduced-order modeling, Hopf bifurcation, Optimal control 

1. INTRODUCTION 

The increasing concentration of atmospheric carbon dioxide 

(CO₂) has emerged as one of the most significant 

environmental challenges of the twenty-first century. 

Anthropogenic emissions from fossil fuel combustion, 

industrial activities, transportation, and land-use changes have 

substantially contributed to global climate change, leading to 

rising temperatures, extreme weather events, sea-level rise, 

and ecosystem degradation. As nations strive to achieve net-

zero emission targets and meet international climate 

commitments, carbon dioxide removal technologies have 

become an essential component of long-term climate 

mitigation strategies. While renewable energy deployment and 

energy-efficiency improvements can reduce future emissions, 

large-scale carbon dioxide removal is increasingly recognized 

as necessary to address residual emissions and reduce existing 

atmospheric CO₂ concentrations. 

Carbon dioxide removal encompasses a broad range of 

technologies and processes designed to capture CO₂ either 

directly from emission sources or from the atmosphere itself. 

These technologies include post-combustion capture, direct air 

capture, geological sequestration, mineral carbonation, 

bioenergy with carbon capture and storage, and ocean-based 

carbon removal approaches. Regardless of the specific 

technology employed, fluid mechanics plays a central role in 

determining system performance. The transport of carbon 

dioxide through gases, liquids, porous media, and reactive 

environments is fundamentally governed by fluid flow, 

mixing, convection, diffusion, and mass transfer processes. 

Consequently, understanding the fluid-dynamic mechanisms 

that influence carbon dioxide transport is critical for the design 

and optimization of efficient carbon removal systems. 

Environmental engineering applications involving carbon 

dioxide removal frequently involve highly coupled transport 

phenomena. In direct air capture systems, atmospheric air must 

be transported through sorbent contactors where fluid flow 

characteristics determine residence times and capture 

efficiency. In absorption-based systems, gas-liquid 

interactions control mass transfer rates and ultimately 

influence the amount of carbon dioxide removed from flue 

gases. Geological carbon sequestration involves the injection 

of supercritical carbon dioxide into deep saline aquifers or 

depleted hydrocarbon reservoirs, where buoyancy-driven 

flow, density gradients, and porous-media transport govern 

plume migration and long-term storage security. Similarly, 

mineral carbonation and reactive transport processes depend 

strongly on the interaction between fluid flow and chemical 

reactions. These examples illustrate the fundamental 

importance of fluid mechanics across a wide spectrum of 

carbon dioxide removal technologies. 

The complexity of fluid-dynamic phenomena in carbon 

dioxide removal systems often necessitates the use of 

advanced computational models. High-fidelity computational 

fluid dynamics (CFD) simulations have become valuable tools 

for investigating transport processes, mixing behavior, and 

flow structures in carbon capture systems. However, such 

models are frequently computationally expensive and may be 

impractical for tasks requiring repeated simulations, 

optimization studies, control design, or stability analysis. As a 

result, there is growing interest in the development of reduced-

order models that retain the dominant physical mechanisms 

while significantly reducing computational complexity. 
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Reduced-order modeling provides an attractive framework for 

capturing the essential dynamics of complex fluid systems 

using a limited number of governing variables, thereby 

enabling efficient analysis of system behavior over a wide 

range of operating conditions. 

Reduced-order models have been successfully applied in 

numerous fluid mechanics applications, including turbulent 

flows, environmental transport systems, atmospheric 

dynamics, and flow control problems. These models provide 

valuable insight into the dominant mechanisms governing 

system behavior while facilitating mathematical analysis and 

optimization. In the context of carbon dioxide removal, 

reduced-order models can serve as efficient surrogates for 

large-scale simulations, allowing researchers to investigate the 

interaction between fluid transport, capture efficiency, and 

operational parameters. Furthermore, such models enable the 

application of nonlinear dynamical systems theory to study the 

stability and evolution of carbon removal processes. 

An important characteristic of many environmental and fluid-

dynamic systems is the presence of nonlinear feedback 

mechanisms. Interactions among transport processes, 

concentration fields, reaction rates, and external forcing can 

generate complex dynamic behavior that cannot be adequately 

described using purely steady-state approaches. Nonlinear 

systems may exhibit multiple equilibrium states, oscillatory 

behavior, threshold phenomena, and abrupt transitions 

between operating regimes. These features can significantly 

influence the effectiveness and reliability of carbon dioxide 

removal technologies. Consequently, understanding the 

dynamic behavior of carbon capture systems is essential for 

achieving stable and efficient operation. 

Optimizing carbon dioxide removal systems is another major 

challenge in environmental engineering. Carbon capture 

technologies often require substantial energy for pumping, 

compression, regeneration, and circulation. Minimizing 

energy use while maintaining effective carbon removal is 

therefore a critical objective. Advanced optimization and 

control strategies offer promising approaches to improving 

system performance by determining operating policies that 

balance capture efficiency, energy requirements, and system 

stability. Developing reduced-order dynamic models provides 

a practical foundation for formulating these optimization 

problems and for exploring how operating conditions 

influence overall system behavior. 

Motivated by these considerations, the present study develops 

a reduced-order fluid-dynamic model for carbon dioxide 

removal and investigates its dynamic characteristics. The 

model incorporates nonlinear interactions among dominant 

transport modes and an externally controlled forcing parameter 

representing operational intervention. The resulting dynamical 

system is capable of capturing important features associated 

with coupled transport processes while remaining 

computationally tractable. Numerical continuation techniques 

are employed to investigate the equilibrium structure and 

identify critical operating conditions associated with dynamic 

transitions. In addition, an optimal control framework is 

developed to determine operating strategies that minimize a 

performance objective while promoting efficient system 

operation. 

The integration of reduced-order fluid-dynamic modeling, 

nonlinear dynamics, and optimal control provides a framework 

for investigating the stability and operational behavior of 

carbon dioxide removal systems. The present study focuses 

specifically on identifying critical dynamical transitions and 

developing control strategies that avoid unstable operating 

regimes. 

2. LITERATURE REVIEW 

2.1. Carbon Dioxide Removal and Capture 

Carbon dioxide capture and removal technologies have 

become increasingly important due to growing concerns 

regarding atmospheric greenhouse gas concentrations and 

climate change mitigation. Early investigations emphasized 

the fundamental principles and economic aspects of carbon 

dioxide capture processes, highlighting the importance of 

efficient transport and separation mechanisms in large-scale 

deployment of carbon capture technologies [1]. 

Amine scrubbing, the most established of these CO₂ separation 

technologies, was later reviewed in detail [2]. 

2.2. Fluid Mechanics in Carbon Dioxide Capture 

Research subsequently focused on the role of fluid mechanics 

in gas–liquid systems, where bubble breakup, coalescence, and 

interfacial transport were identified as key factors governing 

mass transfer rates in carbon dioxide absorption processes [3]. 

Studies of post-combustion carbon capture further 

demonstrated that fluid flow and mixing significantly 

influence absorption efficiency and overall process 

performance [4]. Fundamental investigations of gas solubility 

and diffusivity provided important information regarding the 

transport properties of carbon dioxide in aqueous solutions, 

which are critical for predicting capture rates and reactor 

behavior [5]. At the same time, attention was directed toward 

underground carbon storage, where fluid migration 

mechanisms within geological formations were recognized as 

important factors affecting long-term sequestration 

performance [6].  

Subsequent reviews examined carbon capture and storage 

technologies more broadly, including the transport phenomena 

that influence carbon dioxide removal efficiency [7]. The fluid 

mechanics of carbon dioxide sequestration was later analyzed 

in detail, establishing the importance of buoyancy-driven flow, 

density variations, and convective transport in subsurface 

storage systems [8]. The coupling between geochemical 

reactions and convective mixing in geological storage 

formations was investigated to understand how fluid flow 

influences the long-term stability of stored carbon dioxide [9].  

Research on sequestration in deep sedimentary formations 

further highlighted the importance of multiphase flow 

processes, permeability distributions, and fluid transport 

pathways in determining storage effectiveness [10]. 

Comprehensive assessments of carbon dioxide capture and 

storage technologies provided a broad overview of capture 

methods, transport systems, geological storage mechanisms, 

and associated engineering challenges [11]. Fluid mechanical 



 

International Journal of Engineering, 
Science and Environment 

Peer-Reviewed Open Access  •  CC BY 4.0  •  Quarterly 

Vol. 1  |  Issue 2  |  Jul–Sep 2026 

Sridhar  |  A Fluid-Dynamic Framework for Carbon Dioxide 
Removal 

 

 

© 2026 Engineering, Science and Environmental Research Publications | ijese.in   13 

studies of carbon dioxide storage in saline aquifers 

demonstrated that convection-driven mixing can significantly 

enhance dissolution and improve storage security [12]. 

2.3. Computational Research in Carbon Dioxide 

Capture 

The migration of carbon dioxide plumes within porous 

geological formations was investigated through mathematical 

and computational models, revealing the importance of 

buoyancy, permeability, and density contrasts in controlling 

plume evolution [13]. Additional studies examined the impact 

of relative permeability hysteresis on storage performance and 

showed that multiphase flow effects strongly influence carbon 

dioxide trapping efficiency [14]. 

2.4. Technology in Carbon Dioxide Capture 

Long-term assessments of carbon capture and storage 

technologies indicated that storage capacity and transport 

mechanisms play a central role in determining the viability of 

carbon sequestration as a climate mitigation strategy [15]. 

Interest subsequently expanded beyond storage toward direct 

carbon dioxide removal from the atmosphere, with 

thermodynamic analyses providing insight into the energy 

requirements of direct air capture processes [16]. Further 

developments in direct air capture technology demonstrated 

the feasibility of extracting carbon dioxide directly from 

ambient air through engineered contactor systems designed to 

maximize mass transfer and fluid–surface interactions [17]. 

Geological storage studies continued to emphasize the 

importance of subsurface fluid mechanics and transport 

processes in maintaining long-term storage security [18]. 

Research addressing the large-scale deployment of carbon 

capture technologies highlighted challenges associated with 

process intensification, fluid handling, and transport efficiency 

[19]. Numerical simulations of carbon dioxide plume 

migration in geological formations provided additional 

understanding of the influence of fluid flow and reservoir 

heterogeneity on storage behavior [20]. Direct air capture 

technologies attracted considerable attention due to their 

potential role in negative emissions strategies. Comprehensive 

reviews examined sorbent materials, contactor configurations, 

and fluid dynamic considerations governing carbon dioxide 

transport from the atmosphere to capture surfaces [21]. 

Experimental investigations also demonstrated the rapid 

mineralization of carbon dioxide in basaltic formations, 

providing an alternative pathway for permanent carbon storage 

through reactive transport processes [22]. 

2.5. Theoretical Transport Phenomena in Carbon 

Dioxide Capture 

Theoretical developments in porous-media convection 

contributed significantly to the understanding of fluid 

transport within geological storage systems, providing 

analytical and numerical tools for describing buoyancy-driven 

flow and mass transfer phenomena [23]. Studies of turbulent 

atmospheric mixing further emphasized the role of fluid 

motion in governing the transport and distribution of carbon 

dioxide across environmental systems [24]. Comprehensive 

analyses of carbon capture technologies examined fluid 

transport, absorption processes, membrane systems, 

adsorption mechanisms, and storage strategies, highlighting 

the central role of fluid mechanics across the entire carbon 

capture chain [25]. Evaluations of negative-emission 

technologies subsequently investigated the energy and 

transport requirements associated with large-scale carbon 

dioxide removal, identifying fluid transport processes as 

critical determinants of system efficiency [26]. 

2.6. Recent Studies 

Recent studies have explored the integration of carbon capture 

and removal technologies into future net-zero energy systems 

[27]. Fluidized-bed carbon capture technologies have emerged 

as promising alternatives due to their superior gas–solid 

contact characteristics and enhanced mass transfer 

performance [28]. The most recent assessments of carbon 

dioxide removal have highlighted the growing importance of 

engineered carbon removal systems [29]. These studies 

collectively indicate that fluid mechanics remains one of the 

fundamental scientific disciplines underlying the design, 

operation, and optimization of carbon dioxide removal 

technologies. Beyond CO₂ capture and permanent storage, 

downstream carbon utilization provides a complementary 

pathway in which captured CO₂ can be converted into value-

added products. For example, Parkash et al. [30] demonstrated 

electrochemical CO₂ reduction to ethanol using copper-

deposited basalt fiber fabric. Although such electrochemical 

conversion is outside the scope of the reduced-order fluid-

dynamic model developed in the present study, it illustrates the 

broader process context in which efficient and stable CO₂ 

capture can be coupled with subsequent utilization. The 

present work therefore focuses on the upstream fluid-transport, 

stability, and control aspects of CO₂ removal, which may 

ultimately support integration with either storage or utilization 

pathways. 

Overall, the existing literature demonstrates that carbon 

dioxide removal systems are governed by a complex interplay 

of fluid flow, transport phenomena, mixing processes, 

convection, and mass transfer. While substantial progress has 

been achieved in understanding these mechanisms, there 

remains a need for computationally efficient dynamical 

models capable of linking fluid-mechanical behavior with 

system-level performance. The present work addresses this 

need through the development of a reduced-order fluid-

dynamic framework that captures the essential transport 

interactions governing carbon dioxide removal while 

providing a foundation for stability analysis and control-

oriented investigations. 

3. MAIN OBJECTIVES OF THIS WORK 

The primary objective of this work is to develop and analyze a 

reduced-order nonlinear dynamical model that captures the 

essential flow–transport interactions governing carbon dioxide 

removal processes. By representing the dominant dynamics 

through a low-dimensional system of ordinary differential 

equations, the study seeks to provide a computationally 

efficient framework for investigating the stability, bifurcation 

behavior, and control characteristics of CO₂ removal systems. 

A second objective is to identify and characterize the nonlinear 

dynamical features of the system through bifurcation analysis. 
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Particular emphasis is placed on determining the existence and 

location of Hopf and limit point bifurcations, understanding 

the transition from steady-state operation to oscillatory 

behavior, and analyzing the stability of equilibrium solutions. 

This objective aims to reveal the critical operating conditions 

that influence the efficiency and robustness of carbon dioxide 

removal processes. 

The third objective is to investigate the oscillatory dynamics 

that emerge near the Hopf bifurcation point and to examine the 

associated limit cycle behavior. Understanding these 

oscillations is important because periodic fluctuations in flow 

and concentration fields can adversely affect carbon capture 

performance and increase operational complexity. 

A fourth objective is to formulate and solve an optimal control 

problem in which the external forcing parameter is treated as a 

time-dependent control variable. The goal is to determine 

control policies that minimize a performance index based on 

state magnitudes and control effort while maintaining 

favorable operating conditions. 

The fifth objective is to incorporate bifurcation-awareness into 

the optimal control framework through a stability-based 

penalty mechanism. This enables the optimization procedure 

to avoid regions of the state space associated with Hopf 

instability, thereby promoting dynamically stable operation. 

Finally, the study aims to evaluate the effectiveness of 

stability-aware optimal control by comparing system 

performance with and without the stability penalty. 

Through this comparison, the work seeks to demonstrate how 

stability-informed control can improve efficiency, reduce 

oscillatory behavior, lower control effort, and enhance the 

overall performance of carbon dioxide removal systems. 

The novelty of this work lies in the integration of nonlinear 

dynamical systems theory, bifurcation analysis, machine-

learning-assisted stability prediction, and optimal control 

within a unified framework for carbon dioxide removal.  

Previous studies on carbon dioxide capture and removal have 

extensively investigated transport and mass-transfer 

phenomena, absorption and adsorption processes, reactor and 

process design, and process optimization. In contrast, the 

present work focuses specifically on nonlinear dynamical 

instabilities, bifurcation behavior, and their incorporation into 

stability-aware optimal control. 

A key novel aspect of this study is the development of a 

reduced-order nonlinear model that captures the essential 

interactions between flow dynamics, carbon dioxide transport, 

and auxiliary stabilization mechanisms. The model is 

sufficiently simple to permit detailed dynamical analysis while 

retaining the nonlinear coupling required to generate complex 

behaviors such as Hopf bifurcations, limit cycles, and multiple 

equilibrium states. This enables the direct investigation of 

stability transitions that are often difficult to study using large-

scale computational fluid dynamics models. 

A second major contribution is the identification and 

characterization of a supercritical Hopf bifurcation within the 

carbon dioxide removal framework. The study demonstrates 

how oscillatory behavior can emerge through nonlinear flow–

transport interactions and establishes the associated limit cycle 

dynamics. This provides new insight into the mechanisms that 

can lead to periodic fluctuations in carbon capture 

performance and highlights the importance of considering 

dynamic stability during system operation. 

Another novel feature is the incorporation of bifurcation 

information directly into the optimal control problem. Rather 

than optimizing system performance solely on the basis of 

state variables and control effort, the proposed framework 

introduces a stability-aware penalty that discourages 

trajectories approaching regions of Hopf instability. This 

transforms the optimization problem from a conventional 

control formulation into a bifurcation-aware optimal control 

strategy capable of simultaneously improving performance 

and maintaining dynamic stability. 

The work is further distinguished by the use of a neural-

network-based stability surrogate trained from continuation 

data generated using MATCONT. This approach eliminates 

the need for repeated eigenvalue calculations during 

optimization while preserving information regarding stability 

boundaries. The resulting hybrid framework combines 

continuation methods, machine learning, and nonlinear 

optimal control within a computationally efficient 

methodology. 

Finally, the study demonstrates that incorporating bifurcation-

awareness into the optimization process produces a 

substantially different optimal solution and significantly 

smoother control trajectories. This establishes a direct 

quantitative link between dynamical stability and operational 

efficiency in carbon dioxide removal systems. To the best of 

the author's knowledge, the combined use of reduced-order 

fluid-dynamic modeling, Hopf bifurcation analysis, machine-

learning-based stability prediction, and bifurcation-

constrained optimal control for carbon dioxide removal has not 

been reported previously. The proposed framework therefore 

provides a new approach for the design, analysis, and 

operation of dynamically stable and energy-efficient carbon 

capture systems. 

The rest of this paper is organized as follows. First, the model 

equations are presented, followed by a description of the 

numerical procedures used. The results, discussion and 

conclusions are then presented in Sections 6–8.  

4. MODEL EQUATIONS 

The model represents a reduced-order description of carbon 

dioxide removal dynamics driven by coupled fluid transport 

and scalar concentration interactions. It captures the essential 

interplay between flow-induced mixing, CO₂ accumulation, 

and nonlinear saturation effects using a low-dimensional 

dynamical system. The first equation describes the evolution 

of the dominant transport mode, incorporating linear growth, 

nonlinear self-limiting behavior, coupling with CO₂ 

concentration, and external operational forcing. The second 

equation governs the CO₂ concentration mode, reflecting 

advective enhancement by fluid motion, nonlinear saturation 

due to finite absorption capacity, and feedback from auxiliary 

transport mechanisms. The third equation represents a 

stabilizing or delayed response mode that accounts for 
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dissipation, regeneration effects, and nonlinear damping 

induced by strong flow activity. Together, these equations 

model the feedback structure between transport intensity and 

removal efficiency in environmental fluid systems. The 

nonlinear coupling terms enable complex dynamic behavior 

including multistability and oscillatory states. The external 

forcing parameter provides a means of controlling system 

behavior and represents practical operational interventions. 

Overall, the model provides a compact representation of key 

physical processes governing carbon dioxide removal. It 

serves as a foundation for bifurcation analysis and optimal 

control design in environmentally relevant fluid dynamic 

systems. 

At the continuum level, the fluid motion and CO₂ transport are 

represented by the incompressible Navier--Stokes equations 

coupled with an advection--diffusion--reaction equation. The 

governing equations are 

 

2

2

( ) ( ) , 0,

( , )

p c Q
t

c
c D c R c

t




         



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
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u u u F f u

u u

  (1) 

Here, ( , )tu x  is the velocity field, p  is the pressure, ( , )c tx  is 

the CO₂ concentration field,   is the kinematic viscosity, D  

is the CO₂ diffusivity, ( )cF  represents the coupling between 

the concentration field and fluid motion, ( , )R c u  represents 

reaction or absorption effects, and Qf  represents the external 

operational forcing, such as pumping, injection, or suction. 

To obtain a computationally tractable reduced-order 

representation, the velocity and CO₂ concentration fields are 

expanded in a finite set of spatial basis functions. The modal 

expansions are written as 

 0

1

( , ) ( ) ( ) ( ),
uN

i i
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t a t 
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where 0u  and 0c  denote reference fields, i  and j  are the 

selected spatial basis functions, and ( )ia t  and ( )jb t  are the 

corresponding time-dependent modal coefficients. The 

Galerkin projection is carried out by substituting the modal 

expansions into the governing continuum equations and 

requiring the residual to be orthogonal to the retained basis 

functions. The spatial inner product is defined as 

 , ( ) ( )f g f g d


    x x   (4) 

For the dominant fluid-transport mode, we retain the 

approximation 

 0 1 1( , ) ( ) ( ) ( ),t a t  u x u x x   (5) 

while the dominant carbon dioxide concentration mode is 

represented by 

 0 2 1( , ) ( ) ( ) ( )c t c a t  x x x   (6) 

An additional modal amplitude 
3 ( )a t  is introduced to represent 

the delayed dissipative or absorber-regeneration response. 

Substitution of these expansions into the momentum equation 

and projection onto 
1  gives 
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Assuming that the basis functions are normalized such that 
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the time-dependent contribution becomes 
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The projected linear, nonlinear, flow--concentration coupling, 

and forcing contributions are collected into reduced 

coefficients. These coefficients can be written generally as 

spatial projection integrals. For example, 

 
1 1 1 1 1 2 1 1 1 1 1, ( ) , , ( ) , , ( , ) , ,u u uc q                 fL N C   (10) 

where uL , uN , and 
ucC  denote the projected linear, nonlinear, 

and flow--concentration coupling operators, respectively. 

Absorbing the forcing projection coefficient 1q  into the 

definition of the control variable Q  gives the reduced 

dominant-mode equation 
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Similarly, projection of the carbon dioxide transport equation 

onto 1  gives 
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After collecting the projected linear, nonlinear, flow--

concentration, and auxiliary-mode contributions, the 

concentration-mode equation becomes 

 
32

2 1 2 2 1 3 3

da
ra a a a

dt
        (13) 

The coefficients r , 1 , 2 , and 3  therefore represent the 

corresponding Galerkin projections of the linear concentration 

dynamics, nonlinear saturation, flow-induced transport, and 

coupling with the auxiliary mode. The auxiliary mode is 

represented by the modal amplitude 3 ( )a t  and is used to 

account for delayed transport, dissipation, or absorber-

regeneration effects that are not explicitly resolved by the first 

two retained modes. Its reduced evolution equation is written 

as 

 
23

3 1 2 2 1

da
qa a a

dt
       (14) 

Here, q  represents the relaxation rate of the auxiliary mode, 

1  represents coupling from the carbon dioxide concentration 

mode, and 2  represents nonlinear flow-induced damping. 

Collecting the three projected modal equations therefore yields 

the reduced-order system 
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 The reduced coefficients collect the spatially projected effects 

of transport, diffusion, nonlinear interactions, and intermodal 

coupling.  

The state variables 
1( )a t , 

2 ( )a t , and 
3 ( )a t  are signed, 

nondimensional reduced-order modal amplitudes rather than 

absolute values of fluid velocity, CO₂ concentration, or 

auxiliary transport quantities. Specifically, 
1( )a t  represents the 

amplitude of the dominant fluid-transport mode, 2 ( )a t  

represents the amplitude of the dominant CO₂ 

concentration/mixing mode, and 3 ( )a t  represents the 

amplitude of the auxiliary dissipative or regeneration mode. 

Because these variables describe modal contributions relative 

to their corresponding reference fields, their values may be 

either positive or negative. A negative modal amplitude 

indicates that the contribution of a particular mode is in the 

direction opposite to the corresponding basis function, or 

equivalently represents a negative deviation from the reference 

state. Therefore, a negative value of 
1( )a t  does not imply a 

physically negative velocity magnitude, and a negative value 

of 2 ( )a t  does not imply a physically negative CO₂ 

concentration. The dimensional physical fields are 

reconstructed by combining the corresponding reference fields 

with the weighted modal contributions. Thus, negative values 

of 1( )a t , 2 ( )a t , or 3 ( )a t  appearing in the bifurcation diagrams 

and state trajectories are physically admissible within the 

reduced-order representation and should be interpreted as the 

direction and magnitude of the modal deviations from the 

reference state. 

The velocity and concentration fields are approximated using 

modal expansions of the form 

            1 1 2 1, , ,x t a t x c x t a t x  u   (16) 

with an additional auxiliary mode introduced to capture 

delayed transport and stabilizing feedback mechanisms, 

      3 1, .z x t a t x   (17) 

Here,  1a t  represents the dominant fluid transport or shear 

intensity mode,  2a t  represents the dominant CO₂ 

concentration or mixing mode, and  3a t  represents a 

secondary dissipative or absorber-regeneration mode that 

captures lagged system response effects commonly observed 

in environmental flow-reactive systems. Substituting these 

expansions into the governing equations and applying a 

Galerkin projection onto each basis function yields a set of 

coupled ordinary differential equations governing the temporal 

evolution of the modal amplitudes. The nonlinear terms arising 

from convective transport and reaction kinetics manifest as 

polynomial interactions between the modal amplitudes. In 

particular, self-interaction of the dominant flow mode 

generates cubic saturation effects due to energy redistribution 

and nonlinear dissipation, leading to a term proportional to 
3

1a . Similarly, coupling between flow and concentration 

modes produces bilinear interaction terms of the form 
1 2,a a , 

representing the enhancement or suppression of CO₂ transport 

by fluid motion. External operational intervention, such as 

pumping, suction, or controlled injection in a carbon removal 

device, is represented through a forcing parameter Q , which 

enters additively in the dominant flow equation. This term 

accounts for active control of the system and provides a 

mechanism for modifying transport intensity and stability 

properties. The resulting evolution equation for the dominant 

transport mode is therefore constructed as a balance between 

linear growth or decay, nonlinear saturation, coupling with 

concentration dynamics, and external forcing. This yields 

 
31

1 1 1 2 1 2

da
a a a a Q

dt
        (18) 

where   represents the net linear growth rate of the dominant 

transport structure, 1  characterizes nonlinear self-limiting 

effects, and 2  quantifies coupling strength between flow and 

CO₂ concentration. The CO₂ concentration mode evolves 

under the combined influence of advective transport, nonlinear 

saturation due to finite absorption capacity, and feedback from 

both flow and auxiliary mechanisms. Linear growth or 

accumulation of CO₂ is represented by a term proportional to 

2a , while saturation effects arising from limited absorption 

capacity are modeled through a cubic damping term. The 

influence of flow-enhanced mixing is captured through a 

positive coupling term proportional to 1a , reflecting increased 

transport efficiency under stronger fluid motion. Additionally, 

interaction with the auxiliary mode introduces a damping 

contribution representing removal or redistribution effects. 

This leads to 

 32
2 1 2 2 1 3 3

da
ra a a a

dt
        (19) 

where r  denotes the net accumulation rate of CO₂, 1  

represents nonlinear saturation strength, 2  quantifies flow-

driven transport enhancement, and 3  represents coupling 

with the stabilizing auxiliary mode. The third equation models 

a secondary transport or damping mechanism that captures 

delayed system response, absorber regeneration dynamics, or 

energy dissipation pathways not directly represented in the 

primary flow and concentration modes. This mode is assumed 

to relax toward equilibrium with a characteristic rate q , while 

being driven by CO₂ concentration and suppressed by 

nonlinear flow effects. The coupling from CO₂ concentration 

reflects delayed mass transfer into the auxiliary subsystem, 

while the quadratic dependence on flow represents nonlinear 

redistribution or damping induced by strong transport activity. 

This yields 

 23
3 1 2 2 1

da
qa a a

dt
       (20) 
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where q  is a relaxation parameter, 
1  measures coupling from 

CO₂ concentration to the auxiliary mode, and 
2  quantifies 

nonlinear suppression due to flow intensity. Collecting these 

contributions results in a closed three-dimensional nonlinear 

dynamical system that captures the essential interactions 

between fluid transport, CO₂ dynamics, and stabilizing 

mechanisms under external forcing: 

 

31
1 1 1 2 1 2

32
2 1 2 2 1 3 3

23
3 1 2 2 1

da
a a a a Q

dt

da
ra a a a

dt

da
qa a a

dt

  

  

 

   

   

   

  (21) 

This reduced-order formulation retains the key nonlinear 

mechanisms governing carbon dioxide removal systems, 

including saturation effects, cross-mode coupling, and 

externally controlled forcing. Importantly, the model's 

structure can generate rich dynamical behavior, including 

multiple steady states, Hopf bifurcations, and limit cycles, 

which are characteristic of strongly coupled environmental 

fluid systems with feedback and control. The formulation also 

provides a mathematically consistent framework for 

subsequent bifurcation analysis and optimal control design, 

where the forcing parameter Q  serves as a natural actuator for 

modifying system stability and performance. Tables 1 and 2 

list the variable and parameter details.  

Table 1: State variables of the reduced-order CO₂ removal model 

Symbol Variable Name Physical Meaning Units 

  1a t  
Flow/Transport 

Mode 

Dominant fluid 

motion or shear-

driven transport 

intensity 

Dimensionless 

modal amplitude 

  2a t  
CO₂  

Concentration 

Mode 

Effective CO₂  

concentration / 

mixing state 

Dimensionless 

modal amplitude 

  3a t  
Auxiliary 

Transport Mode 

Dissipative/lagged 

absorption or 

regeneration 

dynamics 

Dimensionless 

modal amplitude 

 

 Q t  

External 

Forcing (Control 

Input) 

Operational control 

(pumping, suction, 

injection rate) 

Dimensionless 

control amplitude 

The nondimensional coefficients in Table 2 may be interpreted 

in terms of the competing physical transport mechanisms 

represented by conventional dimensionless groups. Parameters 

controlling the growth, damping, and nonlinear saturation of 

the fluid-transport mode reflect the balance among inertial 

transport, viscous dissipation, and buoyancy-driven forcing 

and are therefore conceptually related to Reynolds- and 

Rayleigh-type effects. The coefficients governing the CO₂ 

concentration and mixing mode represent the competition 

between advective transport and molecular diffusion and can 

be associated with Péclet-type behavior. The relative 

importance of momentum diffusion and species diffusion is 

correspondingly related to Schmidt-number effects. Coupling 

coefficients between the reduced-order modes represent 

interactions among fluid motion, CO₂ transport, and the 

auxiliary dissipative or regeneration dynamics. These 

associations provide a physical interpretation of the reduced-

order coefficients but should not be regarded as one-to-one 

numerical definitions of Reynolds, Rayleigh, Péclet, or 

Schmidt numbers. Because the present model is a proof-of-

concept reduced-order formulation and is not calibrated to a 

particular geometry, fluid system, or CFD dataset, a 

quantitative mapping to specific dimensional operating 

conditions is not imposed. 

Table 2: Model parameters of the reduced-order system 

Symbol 
Parameter 

Name 
Value 

Physical 

Meaning 
Units 

   
Linear Growth 

Rate 
1.5 

Net instability or 

amplification of 

flow mode 
Dimensionless 

 
1  

Flow 

Nonlinear 

Saturation 
2.5 

Self-limiting 

nonlinear 

damping of flow 
Dimensionless 

 2  
Flow–CO₂  

Coupling 

Strength 
1.5 

Interaction 

between flow 

and 

concentration 

Dimensionless 

 r  
CO₂  

Growth/Decay 

Rate 
1.8 

Net 

accumulation 

rate of CO₂  

mode 

Dimensionless 

 
1  

CO₂  

Saturation 

Coefficient 
1.0 

Nonlinear 

limiting effect in 

CO₂  

concentration 

Dimensionless 

 2  
Flow-to-CO₂  

Transfer 

Coefficient 
1.2 

Enhancement of 

CO₂  transport 

by flow 
Dimensionless 

 
3  

Auxiliary 

Damping 

Coupling 
0.8 

Removal effect 

via stabilizing 

mode 
Dimensionless 

 q  Relaxation 

Rate 
2.0 

Decay rate of 

auxiliary mode 
Dimensionless 

 1  
CO₂  → 

Auxiliary 

Coupling 
0.17 

Transfer from 

CO₂  to 

stabilizing mode 
Dimensionless 

2  
Flow-Induced 

Damping 
0.5 

Nonlinear 

suppression 

from strong flow 
Dimensionless 

The parameter values listed in Table 2 are representative 

nondimensional reduced-order model parameters and are not 

obtained from direct calibration against a specific 

experimental or CFD data set. They are selected to provide a 

dynamically meaningful test system exhibiting nonlinear 

saturation, intermodal coupling, multiple operating regimes, 

and oscillatory instability. Accordingly, the present model 

should be interpreted as a proof-of-concept reduced-order 

representation for investigating bifurcation-aware control 

methodology rather than as a quantitatively calibrated model 

of a particular CO₂ removal device. The bifurcation locations 

and optimal-control results reported below therefore apply to 

the present reduced-order model. Calibrating the reduced 

coefficients using CFD simulations or experimental 

measurements from a specific CO₂ capture system is an 

important direction for future work. 

5. METHODOLOGY (BIFURCATION ANALYSIS 

AND OPTIMAL CONTROL) 

5.1. Bifurcation Analysis 

Continuation and bifurcation computations were carried out 

using the MATLAB-based software MATCONT. Bifurcation 

analysis provides important insights into the mechanisms 

underlying the existence of multiple steady states and self-
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sustained oscillations in nonlinear dynamical systems. In 

particular, branch points and limit points are associated with 

the emergence of multiple steady-state solutions, whereas 

oscillatory dynamics and periodic solutions originate from 

Hopf bifurcations. The package, originally developed and 

subsequently enhanced by several researchers, enables the 

systematic identification of limit points (LP), branch points 

(BP), and Hopf bifurcation points (H) in nonlinear dynamical 

models [31]. The package handles a system of ordinary 

differential equations  

 ( , )
dx

f x
dt

   (22) 

 
nx R  where the bifurcation parameter is   .  

At a limit point, the n+1 th component of the tangent vector 

1nw 
 = 0. For a branch point,  

 the matrix 
T

A
B

w

 
  
 

 must be singular and have a determinant 

of 0.  

At a Hopf bifurcation point,  

 det(2 ( , )@ ) 0x nf x I    (23) 

 @ indicates the bialternate product while 
nI  is the n-square 

identity matrix. More details can be found in Kuznetsov and 

Govaerts [32,33]. 

5.2. Optimal Control 

Pyomo.DAE [34] is used for the Optimal Control calculations. 

Pyomo with its Pyomo.DAE module provides an efficient 

framework for the formulation and solution of dynamic 

optimization problems involving systems of differential and 

algebraic equations. The package provides a symbolic 

modeling environment for representing differential-algebraic 

equation (DAE) systems in optimization applications. In 

Pyomo.DAE, the continuous-time dynamic model is 

transformed into a nonlinear programming (NLP) problem 

through discretization techniques such as orthogonal 

collocation, allowing the resulting optimization problem to be 

solved using standard NLP solvers. The NLP is solved using 

IPOPT [35]. The control problem is solved over a finite time 

horizon 0 t T  , where T  denotes the final simulation time. 

The same time horizon is used for the control cases with and 

without the stability penalty to ensure a consistent comparison 

of the resulting objective values and control trajectories. The 

selected horizon is sufficiently long to capture the transient 

response of the reduced-order system and the effect of the 

control action. 

The optimal-control objective was formulated to minimize the 

magnitudes of the dominant reduced-order state variables 

together with the effort associated with the external forcing. In 

continuous form, the objective without the stability penalty is 

expressed as 

 2 2 2 2

0 1 1 2 2 3 3
0

( ) ( ) ( ) ( ) .
ft

QJ w a t w a t w a t w Q t dt        (24) 

For the calculations presented in this work, the state and 

control weighting parameters were selected as 1 1w  , 2 1w  , 

3 0w  , and 0.01Qw  . Therefore, the continuous objective 

without the stability penalty becomes 

 2 2 2

0 1 2
0

( ) ( ) 0.01 ( ) .
ft

J a t a t Q t dt       (25) 

The choice 
3 0w   indicates that the auxiliary state 

3 ( )a t  is not 

directly penalized in the objective function. Its evolution 

remains governed by the reduced-order dynamic equations and 

its coupling with the other state variables. 

To incorporate stability information into the optimal-control 

formulation, an additional penalty based on the neural-network 

prediction of the maximum real part of the system eigenvalues 

was introduced. The stability-aware continuous objective is 

written as 

 2 2 2 2 2

1 1 2 2 3 3
0

( ) ( ) ( ) ( ) ( ) ,
ft

Q sJ w a t w a t w a t w Q t W P t dt         (26) 

where  m max
ˆ( ) smooth ax ( ) ,P t t  

and max
ˆ ( )t  is the stability indicator predicted by the neural-

network surrogate. The stability penalty weight was selected 

as 10sW  . This parameter corresponds to 2  in the numerical 

implementation and controls the relative importance assigned 

to avoiding dynamically unstable regions. For the case without 

the stability penalty, 0sW  . 

Following temporal discretization, the objective implemented 

in Pyomo.DAE is represented as 

 2 2 2 2 2

1 1, 2 2, 3 3,

1

,
N

d k k k Q k s k

k

J w a w a w a w Q W P


        

where k  denotes a discretized time point and N  is the total 

number of discretized time points generated by the orthogonal-

collocation procedure. Using the weights employed in the 

stability-aware calculations, the discretized objective becomes 

 2 2 2 2 2

1 1, 2 2, 3 3,

1

,
N

d k k k Q k s k

k

J w a w a w a w Q W P


         (27) 

with  m max,
ˆsmooth ax .k kP   

For comparison, when the stability penalty is omitted, 0sW 

, and the discretized objective reduces to 

 2 2 2

,0 1, 2,

1

0.01 .
N

d k k k

k

J a a Q


       (28) 

Here, 1w  and 2w  specify the relative penalties on the dominant 

fluid-transport and CO₂ concentration/mixing modes, 

respectively; 3w  determines the penalty on the auxiliary state; 

Qw  determines the penalty associated with the external control 

effort; and sW  controls the strength of the stability penalty. 

5.3. Formation of Stability Dataset from MATCONT 

Results 

A stability dataset was developed from numerical continuation 

calculations performed in MATCONT. The stability dataset 

consists of rows, each representing a continuation point from 

an equilibrium branch. Each row contains the state variables, 

the bifurcation parameter, and a stability measure. The 
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stability measure is a numerical value derived from the 

Jacobian matrix. The Jacobian matrix is computed numerically 

at each equilibrium point. The eigenvalues are then computed 

automatically using MATLAB. The maximum value of the 

real part of these eigenvalues is then computed as a scalar 

stability measure.  

The stability measure is computed using “eig_real_max = 

max(real(eigvals));” in MATLAB. The stability measure is a 

quantitative metric in which negative values indicate locally 

asymptotically stable equilibria and positive values indicate 

instability. A zero crossing of the maximum real part indicates 

a change in local stability but does not, by itself, uniquely 

identify the type of bifurcation. A Hopf bifurcation occurs 

when a complex-conjugate pair of eigenvalues crosses the 

imaginary axis with nonzero imaginary parts, whereas a zero 

crossing associated with a real eigenvalue may correspond to 

a limit point or another steady-state bifurcation. The specific 

bifurcation type is therefore identified using the MATCONT 

continuation analysis. The stability dataset is then saved as a 

CSV file. The dataset can then be used in subsequent 

computational calculations to perform classification or 

regression to identify stability boundaries or approximate 

bifurcations. 

5.4. Neural Network Surrogate for Stability 

Prediction 

Direct embedding of eigenvalue calculations into IPOPT-

based optimal control is impractical for several reasons: (i) 

computing eigenvalues at each time step is computationally 

expensive, (ii) the mapping from states to the maximum 

eigenvalue is non-smooth near eigenvalue crossings, and (iii) 

symbolic differentiation of eigenvalues is challenging. 

To overcome these limitations, a feedforward neural network 

is trained to approximate the maximum eigenvalue as a smooth 

function of the system state and bifurcation parameter. A 

typical architecture employs the hyperbolic tangent (tanh⁡) as a 

smooth activation function. 

Prior to neural-network training, all input variables were 

standardized to improve numerical conditioning and training 

stability. Let xraw denote the vector of state variables and 

bifurcation parameters obtained from the stability dataset. For 

each input variable j, the training mean μ
j
 and training standard 

deviation σj were computed over all training samples. The 

training mean for the input variable j ⁡is defined as the 

arithmetic average over all training samples as 

 ( )

1

1 N
k

j j

k

x
N




   

and the training standard deviation for the input variable j is 

defined as: 

 ( ) 2

1

 
1

( )
N

k

j j j

k

x
N




    

The standardized inputs were defined as 

 
,

max( , )

raw j j

j

j scale

x
x



 


   (29) 

where εscale is a small positive regularization parameter 

introduced to prevent numerical singularities associated with 

extremely small variances. This transformation ensures that all 

inputs remain properly scaled while avoiding excessively large 

neural-network activation arguments during optimization. The 

normalization procedure improves neural-network 

conditioning and enhances the robustness of gradient-based 

optimization. The vectors μ and σ computed during training 

were stored and embedded identically within the Pyomo 

optimal-control formulation to ensure consistency between 

neural-network training and deployment. 

If the input vector is denoted by x, which contains the scaled 

variables, the network architecture is defined as 

 

 

 

    1  1   1

    2  2 1  2

    _ _   3 2  3

z tanh W x b

z tanh W z b

max NN W z b

 

 

 

  (30) 

where Wi and bi denote the weight matrices and bias vectors, 

respectively. The hidden-layer variables z1 and z2 represent 

nonlinear transformations of the input variables and 

intermediate features. The final output λ̂max provides a smooth 

approximation of the spectral abscissa. Because tanh is 

infinitely differentiable, the network is fully smooth, 

guaranteeing the availability of first and second derivatives 

required by IPOPT. Without biases, the network output would 

be constrained to pass through the origin, limiting flexibility.  

The hidden-layer outputs z₁ and z₂ represent nonlinear 

combinations of the inputs and previous-layer features, 

respectively. Each element of z1 is a smoothed combination of 

the original inputs, while each element of z₂ encodes more 

abstract patterns extracted from z₁. The final output 

_ _  max NN  provides a smooth approximation of the 

maximum real eigenvalue, enabling efficient and 

differentiable stability evaluation within the optimal control 

problem. The integration into optimal control is done using a 

soft penalty formulation where we use a smooth_max function 

that converts λ into a smooth, nonnegative penalty that only 

“activates” when the system is unstable: 

 
2

1 1 1

max 1 1

( ) ( )
( ) max( )

2
s smooth

    
   

   
       (31) 

  is the neural network’s predicted maximum eigenvalue at 

the current state and parameter, while   is a small positive 

safety margin to ensure differentiability. The soft penalty 

formulation involves the new objective function, where the 

original objective function ( )optv t  is modified to 

2

max 1( ( ) . ( ))hopfoptv t s     Hopf  controls how 

aggressively instability is penalized, and prevents numerical 

issues at exactly λ = 0 and slightly shifts the stability boundary. 

When Hopf  is 0, no stability penalty is implemented. The goal 

is to minimize the objective function value while ensuring 

differentiability for IPOPT and avoiding non-smoothness in 

the optimization. This approach avoids repeated eigenvalue 

computations and provides a smooth, differentiable surrogate 

suitable for gradient-based optimization. Furthermore, this 

enables the incorporation of stability constraints into optimal 
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control without explicitly computing eigenvalues during 

optimization 

 
Fig. 1a. Bifurcation diagram 

For reproducibility, the neural-network stability surrogate 

consists of four input variables, two hidden layers containing 

eight neurons each, and one output, giving an architecture of 

4–8–8–1. The four inputs correspond to the three reduced-

order state variables and the bifurcation parameter. 

Hyperbolic-tangent activation functions are used in both 

hidden layers, and the scalar output represents the predicted 

maximum real part of the system eigenvalues. The 

MATCONT continuation dataset contains 20 samples and was 

divided into 70% training data and 30% testing data, 

corresponding to 14 training samples and 6 testing samples. 

The dynamic optimal-control problem was discretized using 

orthogonal collocation with 10 finite elements ( 10nfe  ) and 

3 collocation points per finite element ( 3ncp  ). The initial 

conditions used for the control calculations were 

1 2 3(0) 1, (0) 1, (0) 1, (0) 0.a a a Q       We 

used the same discretization and initial conditions for the 

control calculations with and without the stability penalty to 

ensure a consistent comparison. 

To quantitatively evaluate the accuracy of the neural-network 

stability surrogate, the MATCONT continuation dataset 

containing 20 samples was divided into 70% training data and 

30% independent testing data. The neural network consisted of 

four input variables, two hidden layers with eight neurons in 

each layer using hyperbolic-tangent activation functions, and 

one output representing the predicted maximum real part of the 

system eigenvalues, max . On the independent test set, the 

surrogate produced a mean squared error of 0.0976MSE  , a 

mean absolute error of 0.2890MAE  , and a coefficient of 

determination of 
2 0.9549R  . Classification of equilibrium 

stability according to the sign of max  resulted in an accuracy 

of 83.33%. 

The predictive performance near the stability boundary was 

also examined. Because none of the independent test samples 

satisfied the initially selected criterion max| | 0.05  , the three 

test samples having the smallest values of max| |  were used to 

assess near-boundary prediction accuracy. For these samples, 

the mean absolute error was boundary 0.2072MAE   and the 

mean squared error was boundary 0.05284MSE  . These results 

demonstrate good overall agreement between the neural-

network predictions and the MATCONT-derived stability 

indicator, while also indicating that prediction in the 

immediate vicinity of 
max 0   is more sensitive to the limited 

number of available continuation samples. Additional 

continuation data concentrated near the zero-crossing region 

could further improve the resolution of the stability boundary. 

6. RESULTS 

The bifurcation performed with MATCONT revealed the 

existence of a Hopf bifurcation point 
1 2 3( , , , )a a a Q  values of ( 

0.640072 −0.647550 −0.157465 −0.926245 ) with a first 

Lyapunov coefficient of −1.349333e+00 and a limit point at 

1 2 3( , , , )a a a Q  values ( 0.540927 −1.018410 −0.159715 

−1.242028 ). Figs. 1a and 1b show the bifurcation diagram and 

the limit cycle.  

 The analytical expression of the Jacobian matrix is  

 

2

1 1 2 2 2 1

2

2 1 2 3

2 1 1

3 0

3

2

a a a

Ja r a

a q

   

  

 

   
 

   
   

  (32) 

The numerical Jacobian at the Hopf bifurcation point is  

 

0.60136203648 0.960108 0

1.2 0.5400839925 0.8

0.640072 0.17 2

Jn

  
 

 
 
   

  (33) 

The eigenvalues of this matrix are −2.05936 and ±1.04016i. 

The presence of the complex conjugate eigenvalues on the 

imaginary axis indicates the presence of the Hopf bifurcation 

at this point.  

The objective  function is 
2 2 2

1 2( ) ( ( )) ( )) 0.01*( ( ))optv t a t a t Q t      

The optimal control problem was solved both without and with 

the stability-aware penalty. 

This objective function penalizes the dominant fluid-transport 

mode 1a , the CO₂ concentration/mixing mode 2a , and the 

external control effort Q , thereby promoting reduced state 

deviations and lower control effort. To investigate the effect of 

stability-aware operation, the optimal control problem was 

solved both without and with the stability-aware penalty using 

Pyomo.DAE coupled with IPOPT. 

 
Fig. 1b. Limit cycle 

When the stability penalty was omitted, the optimization 

produced an objective-function value of 148.606. When the 

neural-network-based stability penalty was included, the 

corresponding stability-aware objective-function value was 

10.9422. Because the two formulations contain different 
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objective terms, these values are reported separately rather 

than interpreted as a direct percentage reduction in the same 

objective function. 

The two optimal solutions nevertheless differ markedly, 

indicating the effect of the Hopf stability penalty on the 

optimal trajectory.  

 
Fig. 2a. Optimal control state trajectory without stability penalty 

This reduction should be interpreted as a model-specific 

demonstration of the potential benefit of the stability-aware 

control strategy rather than as a quantitatively validated 

performance improvement for a particular CO₂ removal 

device. 

 Figs. 2a and 2b show the optimal control state trajectory and 

control profile without the stability penalty, and Figs. 3a and 

3b show the optimal control state trajectory and control profile 

with the stability penalty. A comparison of Figs. 2b and 3b 

shows a considerable reduction in the number of spikes when 

the Hopf stability penalty is included. 

7. DISCUSSION 

The reduced-order model developed for carbon dioxide 

removal exhibits a rich nonlinear structure that captures 

essential features of coupled fluid–reaction–transport 

dynamics. Despite its compact formulation, the system 

incorporates strong nonlinearities through cubic self-limiting 

terms, quadratic coupling between flow and concentration 

modes, and a control input that directly influences the 

dominant flow structure. This combination produces a highly 

nontrivial dynamical landscape characterized by equilibrium 

multiplicity, oscillatory instabilities, and sensitivity to 

parameter variations. Numerical continuation, eigenvalue 

analysis, and optimal control optimization provide a coherent 

picture of how the underlying bifurcation structure governs 

carbon dioxide removal performance. 

The bifurcation analysis performed using numerical 

continuation reveals a well-defined equilibrium branch with 

embedded critical points. A key feature of this structure is the 

presence of a Hopf bifurcation at 

1 2 3( , , , ) (0.640072, 0.647550, 0.157465, 0.926245)a a a Q    

, where the first Lyapunov coefficient is negative, indicating a 

supercritical Hopf bifurcation. This implies that the transition 

from steady-state behavior to oscillatory dynamics occurs 

smoothly, yielding a stable limit cycle rather than unstable 

divergence. From a physical perspective, this behavior 

corresponds to the onset of sustained oscillations in the CO₂ 

removal process, where interactions between advective 

transport (modeled by (
1a )) and concentration dynamics (a₂) 

become phase-locked, producing periodic variations in system 

performance. 

The eigenvalue structure of the Jacobian at the Hopf 

bifurcation point provides further insight into the mechanism 

of instability. The eigenvalues are −2.05936 and ±1.04016i. 

Thus, a complex-conjugate pair lies on the imaginary axis at 

the Hopf point, consistent with the Hopf bifurcation identified 

by MATCONT. The third eigenvalue is negative, 

corresponding to a stable decaying mode. The periodic 

solution computed from the Hopf point further confirms the 

emergence of limit-cycle behavior. 

 At the Hopf bifurcation point, the complex-conjugate 

eigenvalue pair has zero real part and nonzero imaginary parts, 

placing the pair on the imaginary axis and satisfying the 

characteristic eigenvalue condition for a Hopf bifurcation. 

 The third eigenvalue, approximately (−2.059), is strongly 

negative, indicating a fast-decaying stable mode associated 

with the auxiliary variable (
3a ). This separation of time scales 

implies that the essential dynamics of the system near the Hopf 

bifurcation are effectively two-dimensional, governed 

primarily by the interaction between (
1a ) and (

2a ), while (
3a ) 

acts as a stabilizing dissipative mechanism. 

In addition to the Hopf bifurcation, the equilibrium branch also 

exhibits a limit point, indicating the presence of a saddle-node 

bifurcation. This suggests that the system admits multiple 

steady-state solutions for certain ranges of the control 

parameter (Q), leading to potential multistability. From a 

carbon dioxide removal perspective, this is particularly 

significant, as it implies that the system may abruptly 

transition between qualitatively different operating regimes 

depending on initial conditions or external perturbations. Such 

behavior is characteristic of nonlinear transport systems where 

feedback between flow intensity and concentration fields leads 

to folded equilibrium manifolds. In practical terms, this means 

that the system may exhibit hysteresis, where recovery from a 

degraded state requires significantly different control actions 

than those required to maintain normal operation. 

 
Fig. 2b. Optimal control profile without stability penalty 
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Fig. 3a. Optimal control state trajectory with stability penalty 

The combined presence of Hopf and saddle-node bifurcations 

indicates that the carbon dioxide removal system operates near 

a critical regime where both oscillatory instability and 

multistability are possible. This type of structure is commonly 

observed in nonlinear fluid systems, particularly those 

involving coupled transport and reaction mechanisms. In the 

present model, the nonlinear coupling terms (
1 2,a a ) and ( 2

1( )a

) are primarily responsible for generating these effects, as they 

introduce nonlinear feedback loops that can either amplify or 

suppress perturbations depending on the local state of the 

system. 

To understand how these dynamical features influence system 

performance, an optimal control framework was introduced. 

The objective function penalizes the squared magnitude of the 

flow mode ( 1a ), the CO₂ concentration mode ( 2a ), and the 

control input (Q(t)). This structure corresponds to minimizing 

both the energetic content of the system and the external 

actuation effort required to maintain operation. Physically, this 

can be interpreted as seeking a low-energy operating regime in 

which carbon dioxide removal is achieved efficiently without 

excessive forcing or internal oscillations. The quadratic nature 

of the cost function ensures smoothness and convex-like 

behavior locally, although the underlying system dynamics 

remain highly nonlinear. 

 
Fig. 3b. Optimal control profile with stability penalty 

A key extension of the optimal control formulation is a 

stability-aware penalty based on a learned indicator of 

dynamical instability. This term penalizes trajectories that 

approach regions of state space associated with positive real 

parts of eigenvalues, effectively discouraging the system from 

entering neighborhoods of the Hopf bifurcation. From a 

dynamical systems perspective, this introduces bifurcation-

aware control, where the optimizer considers not only 

instantaneous energy costs but also the trajectory's long-term 

stability properties. This modification substantially reshapes 

the optimal trajectory away from oscillatory regimes and 

toward more stable operating regions. 

The numerical results demonstrate that inclusion of the 

stability penalty substantially changes the optimal-control 

solution. Without the stability penalty, the optimization 

produced an objective-function value of 148.606, whereas the 

stability-aware formulation produced an objective-function 

value of 10.9422. Because the stability-aware formulation 

contains an additional penalty term, these values correspond to 

different objective functions and are therefore not interpreted 

as a direct percentage reduction. The stability-aware solution 

nevertheless produced a noticeably smoother control profile. 

This suggests that avoiding proximity to the bifurcation 

boundary can promote smoother and more stable operation. 

The reduction in control effort is further reflected in the 

smoothness of the optimal control profiles. Without the 

stability penalty, the control input shows high-frequency 

fluctuations, suggesting the system is actively counteracting 

unstable modes. These fluctuations are undesirable from an 

engineering standpoint, as they increase actuator wear and 

reduce efficiency. When the stability penalty is included, the 

control input becomes significantly smoother and lower in 

amplitude, indicating that the system naturally evolves within 

a more stable region of the state space that requires less 

corrective action. This demonstrates an important principle in 

nonlinear control: stabilizing the underlying dynamics can be 

more efficient than continuously compensating for instability 

through external forcing. 

From a carbon dioxide removal perspective, these findings 

have important implications. The system shows that efficient 

CO₂ capture depends not only on control magnitude but also 

on the underlying dynamical regime in which the system 

operates. Operating near the Hopf bifurcation leads to 

oscillatory behavior that degrades performance and increases 

control effort, whereas operating in stable regions away from 

bifurcation boundaries leads to smoother dynamics and lower 

energy consumption. This suggests that optimal design of 

carbon capture systems should explicitly incorporate 

bifurcation structure, rather than relying solely on classical 

steady-state optimization. 

Furthermore, the interplay between flow mode ( 1a ) and 

concentration mode ( 2a ) highlights the importance of 

feedback mechanisms in determining system performance. 

The Hopf bifurcation arises precisely from the interaction 

between these two modes, where energy transfer between flow 

and concentration fields leads to phase-shifted oscillations. 

The auxiliary variable ( 3a ) provides damping but does not 

fundamentally alter the instability mechanism. Instead, it 

modulates the amplitude and stability margin of the 

oscillations. This separation of roles suggests that targeted 

control strategies could focus specifically on modifying the 
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coupling strength between (
1a ) and (

2a ) to suppress 

oscillatory behavior more effectively. 

Overall, the results demonstrate that the reduced-order model 

captures essential features of carbon dioxide removal 

dynamics, including nonlinear feedback, multistability, 

oscillatory instability, and control-dependent stability 

transitions. The integration of bifurcation analysis with 

optimal control provides a powerful framework for 

understanding and improving system performance. In 

particular, the marked change in the optimal solution under 

stability-aware control highlights the importance of 

incorporating dynamical systems theory into the design of 

carbon capture processes. This approach not only improves 

efficiency but also enhances robustness by steering the system 

away from critical instability boundaries. 

The present study provides a significant contribution to the 

understanding and control of carbon dioxide removal systems 

through the integration of nonlinear reduced-order modeling, 

bifurcation analysis, and optimal control. Unlike conventional 

approaches that treat CO₂ removal as a quasi-steady transport 

process, this work demonstrates that even simplified 

dynamical representations can exhibit rich nonlinear behavior, 

including Hopf bifurcations, limit cycles, and multistability. 

These features are crucial because they directly influence the 

operational stability and efficiency of carbon capture 

processes.  

One of the most important impacts of this work is the 

identification of a clear instability boundary governed by a 

Hopf bifurcation, which separates steady operating regimes 

from oscillatory CO₂ dynamics. In practical carbon dioxide 

removal systems, such oscillations can correspond to periodic 

fluctuations in capture efficiency, mixing intensity, or reactor 

performance. By explicitly characterizing the location of this 

bifurcation in state–parameter space, the study provides a 

predictive framework for avoiding undesirable oscillatory 

regimes during system design and operation. This is 

particularly relevant for engineered systems such as adsorption 

columns, membrane-based separators, or fluidized capture 

reactors, where nonlinear feedback mechanisms are often 

present but not explicitly modeled at the reduced-order level. 

A second major impact lies in the demonstration that optimal 

control strategies are strongly dependent on underlying 

bifurcation structure. The results show that when control is 

designed without accounting for instability mechanisms, the 

system exhibits highly oscillatory and energetically inefficient 

behavior. In contrast, incorporating a bifurcation-aware 

penalty substantially changes the optimal solution and 

produces smoother, lower-amplitude control trajectories. This 

highlights a key principle: effective carbon dioxide removal is 

not solely achieved by minimizing instantaneous 

concentration levels, but by shaping the dynamical regime in 

which the system operates.  

The study also demonstrates the value of reduced-order 

modeling as a design tool for carbon capture systems. Despite 

its simplicity, the model captures essential nonlinear 

interactions between flow, concentration, and auxiliary 

transport modes, enabling the emergence of realistic 

dynamical phenomena. This suggests that reduced-order 

models can serve as efficient surrogates for more expensive 

PDE-based simulations when exploring control strategies, 

stability boundaries, and operational optimization. 

Furthermore, the integration of data-driven components, such 

as the neural-network-based stability indicator, introduces a 

pathway toward hybrid physics–machine learning control 

frameworks. This enables the system to learn regions of 

instability directly from continuation data and incorporate this 

knowledge into the optimization process. Such an approach is 

particularly promising for complex CO₂ removal systems 

where analytical stability conditions are difficult to derive.  

Overall, this work advances carbon dioxide removal research 

by linking nonlinear dynamics, bifurcation theory, and optimal 

control into a unified framework. It provides both theoretical 

insight and practical methodology for designing more stable, 

efficient, and robust carbon capture processes operating near 

critical dynamical regimes. 

8. CONCLUSION 

This study developed and analyzed a reduced-order nonlinear 

dynamical model for carbon dioxide removal, incorporating 

coupled flow, concentration, and auxiliary transport modes 

with external forcing. The model captures essential nonlinear 

interactions through cubic saturation terms and quadratic 

coupling, enabling the emergence of rich dynamical behavior 

including multistability, oscillatory instability, and control-

sensitive transitions. Numerical continuation using 

MATCONT revealed a clear bifurcation structure, consisting 

of a supercritical Hopf bifurcation and a saddle-node (limit 

point) bifurcation along the equilibrium branch. 

The Hopf bifurcation occurs at 

 1 2 3, , , ) (0.640072, 0.647550, 0.157465, 0.926245a a a Q    

, where the system transitions from steady-state operation to 

stable periodic oscillations. Eigenvalue analysis confirms the 

Hopf bifurcation, with a complex-conjugate eigenvalue pair 

lying on the imaginary axis at the bifurcation point and a 

negative third eigenvalue corresponding to a stable decaying 

mode. The auxiliary variable acts as a stabilizing contribution 

but does not eliminate the fundamental oscillatory instability 

arising from nonlinear coupling between primary modes. 

An optimal control framework was formulated to minimize the 

combined energy of system states and control effort, with an 

additional stability-aware penalty that discourages trajectories 

near the Hopf instability region. The results show that 

bifurcation-aware control substantially changes the optimal 

solution. Specifically, the objective-function value was 

148.606 without the stability penalty and 10.9422 with the 

Hopf stability penalty; because the two formulations contain 

different objective terms, these values are reported separately 

rather than as a percentage reduction. The stability-aware 

solution is accompanied by significantly smoother control 

profiles and reduced high-frequency actuation. 

The present study has several limitations that should be 

considered when interpreting the results. The reduced-order 

model is a proof-of-concept formulation based on 

representative nondimensional parameter values and has not 
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been calibrated against a specific experimental or CFD dataset. 

In addition, the neural-network stability surrogate was 

developed using a relatively small MATCONT dataset 

consisting of 20 samples, with 14 samples used for training 

and 6 for testing. The resulting stability-classification accuracy 

of 83.33% should therefore be interpreted cautiously because 

it is based on a small test set. Future work will focus on 

generating larger continuation datasets, improving and 

validating the neural-network stability surrogate, and 

calibrating the reduced-order model using experimental 

measurements or high-fidelity CFD simulations for specific 

CO₂ removal systems. 
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